PUTNAM TRAINING PROBLEMS, 2005

(Last updated: January 2, 2006)

REMARK. This is a list of problems discussed during the training sessions of the NU Putnam
team and arranged by subjects. —Miguel A. Lerma

EXERCISES

1. Induction.

1.1. Prove that n! > 2" for all n > 4.

1.2. Prove that for any integer n > 1, 22" — 1 is divisible by 3.

1.3. Let a and b two distinct integers, and n any positive integer. Prove that a™ — b

divisible by a — b.

" 1S

1.4. The Fibonacci sequence 0,1,1,2,3,5,8,13,... is defined as a sequence whose two
first terms are Fy = 0, F; = 1 and each subsequent term is the sum of the two
previous ones: F,, = F,,_1 + F,,_o (for n > 2). Prove that F,, < 2" for every n > 0.

1.5. Let r be a number such that r + 1/r is an integer. Prove that for every positive

integer n, r + 1/r™ is an integer.

1.6. Find the number R(n) of regions in which the plane can be divided by n straight

lines.

1.7. We divide the plane into regions using straight lines. Prove that those regions can
be colored with two colors so that no two regions that share a boundary have the

same color.

1.8. A great circle is a circle drawn on a sphere that is an “equator”, i.e., its center is
also the center of the sphere. There are n great circles on a sphere, no three of

which meet at any point. They divide the sphere into how many regions?

1.9. We need to put n cents of stamps on an envelop, but we have only (an unlimited

supply of) 5¢ and 12¢ stamps. Prove that we can perform the task if n > 44.

1.10. A chessboard is a 8 x 8 grid (64 squares arranged in 8 rows and 8 columns), but here
we will call “chessboard” any m xm square grid. We call defective a chessboard if one
of its squares is missing. Prove that any 2™ x 2™ (n > 1) defective chessboard can be

1
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tiled (completely covered without overlapping) with L-shaped trominos occupying
exactly 3 squares, like this [5.

1.11. This is a modified version of the game of Nim (in the following we assume that there
is an unlimited supply of tokens.) Two players arrange several piles of tokens in a
row. By turns each of them takes one token from one of the piles and adds at will
as many tokens as he or she wishes to piles placed to the left of the pile from which
the token was taken. Assuming that the game ever finishes, the player that takes
the last token wins. Prove that, no matter how they play, the game will eventually
end after finitely many steps.

1.12. Call an integer square-full if each of its prime factors occurs to a second power (at
least). Prove that there are infinitely many pairs of consecutive square-fulls.

1.13. Prove that for every n > 2, the expansion of (14 z + x%)" contains at least one even

coeflicient.

2. Inequalities.

2.1. If a,b,c > 0, prove that (a?b + b?c + ca)(ab® + bc* + ca®) > 9a?b*c?.

n+1

2.2. Prove that n! < ( ) ,form=2,3,4,...,

2.3.If0 < p,0<gq, and p+ q < 1, prove that (pz + qy)? < pr? + qy*.
2.4. If a,b, ¢ > 0, prove that \/3(a + b+ ¢) > a+ Vb + .
2.5. Let x,y, 2 > 0 with 2zyz = 1. Prove that o +y + z < 22 + % + 22,

2.6. Show that

\/a%+b%+\/ag+b§+--~+ az+b2 >
Viar+as+ - +a,)?+ (b + by + -+ by)?

2.7. Find the minimum value of the function f(x1,s,...,z,) = 1+ 22+ -+x,, where
x1,T,...,T, are positive real numbers such that zz5...2, = 1.

2.8. Let x,y,2z > 0 with zyz = 1. Find the minimum of

1'2 y2 22

S = + + .
y+z z+x T+Y

2.9. If z,y,2 > 0, and x +y + 2z = 1, find the minimum value of
1 1 1

rT Yy =z



2.10.

2.11.

2.12.

2.13.
2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.
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Prove that in a triangle with sides a, b, ¢ and opposite angles A, B, C' (in radians)
the following relation holds:

aA+bB+cC o7
a+b+c T3
(Putnam, 2003) Let ay, ag, . .., a, and by, by, . .., b, nonnegative real numbers. Show
that
(CL16L2 st an)l/” + (blbg cee bn)l/n S ((a1 + bl)(ag + bg) cee (an + bn))l/n
The notation n!®) means take factorial of n k times. For example, n!®® means

((n))!)! What is bigger, 1999!(2000) or 20001119997
Which is larger, 1999199 or 200019987
Prove that there are no positive integers a, b such that b + b+ 1 = a>.

(Inspired in Putnam 1968, B6) Prove that a polynomial with only real roots and all
coefficients equal to £1 has degree at most 3.

(Putnam 1984) Find the minimum value of

(u—m2+(%fiﬁ—9)2

v

for 0 < u <2 and v > 0.

Show that —— < <1> <3> (2”'"1) P
W _— j— j— Y .
Van T \2 4 2n V2n

(Putnam, 2004) Let m and n be positive integers. Show that

(m+mn)! m! n!
(m +mn)mtn ~ mmnn

Let ay,as,...,a, be a sequence of positive numbers, and let by,bs,...,b, be any
permuation of the first sequence. Show that

aq (05} Qp,

—+ =+t —=>n.

by by b, —
Let ay,as,...,a, and by,bs,..., b, increasing sequences of real numbers, and let
X1, %9, ...,T, be any permutation of by, by, ..., b,. Show that

n n
E (Iibi Z E a;T; .
i=1 =1

3. Number Theory.

3.1.

Show that the sum of two consecutive primes is never twice a prime.



3.2.
3.3.

3.4.

3.5.
3.6.

3.7.

3.8.
3.9.

3.10.

3.11.

3.12.

3.13.

PUTNAM TRAINING PROBLEMS, 2005 4
Prove that there are infinitely many prime numbers of the form 4n + 3.

Prove that the fraction (n®+2n)/(n*+3n?+1) is in lowest terms for every possible
integer n.

Let p(x) be a non-constant polynomial such that p(n) is an integer for every positive
integer n. Prove that p(n) is composite for infinitely many positive integers n. (This
proves that there is no polynomial yielding only prime numbers.)

Prove that two consecutive Fibonacci numbers are always relatively prime.

Show that if a® + b* = ¢?, then 3|ab.

1 1 1
Show that 1+ 3 + 3 + --- 4 — can never be an integer for n > 2.
n

Let f(n) denote the sum of the digits of n. Let N = 4444*%_ Find f(f(f(N))).

Show that there exist 1999 consecutive numbers, each of which is divisible by the
cube of an integer.

Find all triples of positive integers (a, b, ¢) such that

(=)D

Find all positive integers solutions to abc —2 =a + b+ c.

(USAMO, 1979) Find all non-negative integral solutions (nq,ng,...,ni4) to
ny 4 ny+ - +nj, = 1599

The Fibonacci sequence 0,1,1,2,3,5,8,13,... is defined by Fy =0, Fy =1, F,, =
10
F,_1 4 F,_s for n > 2. Prove that for some k > 0, F}, is a multiple of 101" .

4. Polynomials.

4.1.

4.2.

4.3.

4.4.

Find a polynomial with integral coefficients whose zeros include V2 + /5.

Prove that the sum
V10012 + 14+ V10022 + 1 + - - - + /20002 + 1

is irrational.

(USAMO 1975) If P(z) denotes a polynomial of degree n such that P(k) = k/(k+1)
for k=0,1,2,...,n, determine P(n + 1).

(USAMO 1984) The product of two of the four zeros of the quartic equation
ot —18z% + ka® 4 2002 — 1984 = 0



4.5.

4.6.

4.7.

4.8.

4.9.
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is —32. Find k.

Let p(z) be a polynomial with integer coefficients satisfying that p(0) and p(1) are
odd. Show that p has no integer zeros.

(USAMO 1976) If P(x), Q(x), R(x), S(x) are polynomials such that
P(2®) + 2Q(2°) + 2*R(2°) = (2* + 2 + 2* + 2 + 1)S(z)
prove that x — 1 is a factor of P(x).

Let a, b, ¢ distinct integers. Can the polynomial (x —a)(x —b)(x —¢) — 1 be factored
into the product of two polynomials with integer coefficients?

Let p1, pa, - . ., p, distinct integers and let f(z) be the polynomial of degree n given
by

f@) = (@ —p)(x—p2)--(x—pn).
Prove that the polynomial
glz) = (f(x))* +1

cannot be expressed as the product of two non-constant polynomials with integral
coefficients.

Find the remainder when you divide 28! + 2% 4+ 2% + 2° + 2 by 23 — 2.

5. Complex Numbers.

5.1.

5.2.

5.3.
5.4.

5.5.

5.6.

Let m and n two integers such that each can be expressed as the sum of two perfect
squares. Prove that mn has this property as well. For instance 17 = 42 + 12,
13 =224 32 and 17- 13 = 221 = 142 + 52,

n . .
_ sin 2 sin 2L
Prove that E sink = —————
sin =
k=0 2

Show that if x + 1/2 = 2 cosa, then for any integer n, " + 1/2" = 2 cos na.

Factor p(z) = 2° + 2 + 1.

Find a close-form expression for sin —.
k=1

Consider a regular n-gon which is inscribed in a circle with radius 1. What is the
product of the lengths of all n(n — 1)/2 diagonals of the polygon (this includes the
sides of the n-gon).
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5.7. (Putnam 1991, B2) Suppose f and g are nonconstant, differentiable, real-valued
functions on R. Furthermore, suppose that for each pair of real numbers z and y

flx+y) = f() fly) — g9(z) g(y)
g(x+y) = f(z)g(y) +g(z) f(y)
If f/(0) = 0 prove that f(z)*+ g(z)? =1 for all z.

5.8. Given a circle of n lights, exactly one of which is initially on, it is permitted to
change the state of a bulb provided that one also changes the state of every dth
bulb after it (where d is a divisor of n strictly less than n), provided that all n/d
bulbs were originally in the same state as one another. For what values of n is it
possible to turn all the bulbs on by making a sequence of moves of this kind?

6. Generating Functions.

6.1. Prove that for any positive integer n

@ +2(Z) +3(g> ++n(z> = a1,

) = b.(aa—lb), (binomial coefficient).

where ( )

6.2. Prove that for any positive integer n

(o) () () =) - ().

6.3. Prove that for any positive integers k < m,n,

> ()67)- ()
NI \k—] k
6.4. Let F), be the Fibonacci sequence 0,1,1,2,3,5,8,13, ..., defined recursively Fy = 0,
=1 F,=F, 1+ F,_, for n > 2. Prove that
00 Fn
2n

n=1

6.5. How many distinct ordered pairs (a, b) of nonnegative integers satisfy

2a + 5b=1007

6.6. How many different sequences are there that satisfy all the following conditions:
(a) The items of the sequences are the digits 0-9.

(b) The length of the sequences is 6 (e.g. 061030)

(c) Repetitions are allowed.

(d) The sum of the items is exactly 10 (e.g. 111322).



6.7.
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(Leningrad Mathematical Olympiad 1991) A finite sequence aq, as, . .., a, is called
p-balanced if any sum of the form aj + agyp + agiop + --- is the same for any
k= 1,2,3,...,p. For instance the sequence a; = 1, ay = 2, a3 = 3, a4 = 4,
as = 3, ag = 2 is 3-balanced because a; + a4 = 14+4 =5, ap + a5 = 2+ 3 = 5,
as + ag = 3+ 2 = 5. Prove that if a sequence with 50 members is p-balanced for
p=3,5,7,11,13,17, then all its members are equal zero.

7. Recurrences.

7.1.

7.2.

7.3.

7.4.

7.5.

Find the number of subsets of {1,2,...,n} that contain no two consecutive elements
of {1,2,...,n}.
Determine the maximum number of regions in the plane that are determined by n

“vee”s. A “vee” is two rays which meet at a point. The angle between them is any
positive number.

Define a domino to be a 1 x 2 rectangle. In how many ways can an n x 2 rectangle
be tiled by dominoes?

(Putnam 1996) Define a selfish set to be a set which has its own cardinality (number
of elements) as an element. Find, with proof, the number of subsets of {1,2,...,n}
which are minimal selfish sets, that is, selfish sets none of whose proper subsets are
selfish.

Let aq,as,...,a, be an ordered sequence of n distinct objects. A derangement
of this sequence is a permutation that leaves no object in its original place. For
example, if the original sequence is 1,2, 3,4, then 2,4, 3,1 is not a derangement, but
2,1,4,3 is. Let D,, denote the number of derangements of an n-element sequence.
Show that

Dy = (n—1)(Dy_y + Dy_s).

8. Calculus.

8.1.

8.2.

Believe it or not the following function is constant in an interval [a,b]. Find that
interval and the constant value of the function.

f(x):\/x—i-Q\/ﬁ—i-\/x—Q\/E.

Find the value of the following infinitely nested radical

\/2+\/2+\/2+\/ﬁ.




8.3.

8.4.

8.5.

8.6.

8.7.

8.8.

8.9.

8.10.
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(Putnam 1995) Evaluate

| 2207 —

2207 — ——
07 2207 — - --

Express your answer in the form (a + by/c)/d, where a, b, ¢, d, are integers.

(Putnam 1992) Let f be an infinitely differentiable real-valued function defined on
the real numbers. If
n

compute the values of the derivatives f*)(0), k =1,2,3,....

2
n=123,...

C te li 1+ L + L + + !
ompute 11m — .
P n—oo |l n+1 n+2 2n—1

n 1/n
k
C te li 14 — .
ompute nl_{{)lo {g ( + n)}

(Putnam 1997) Evaluate
/°° 2 N z° z’ 4 2 N zt N " p
r—— — — T.
0 2 24 2-4-6 22 0 22.42  22.42.62
(Putnam 1990) Is v/2 the limit of a sequence of numbers of the form /n — /m

(n,m =0,1,2,...)7 (In other words, is it possible to find integers n and m such
that /n — &m is as close as we wish to v/2?)

(Leningrad Mathematical Olympiad, 1988) Let f : R — R be continuous, with
F(x) - f(f(z)) =1 for all = € R. If £(1000) = 999, find f(500).

Let f : [0,1] — R continuous, and suppose that f(0) = f(1). Show that there is a
value x € [0,1998/1999] satisfying f(x) = f(x + 1/1999).

9. Pigeonhole Principle.

9.1.

9.2.

9.3.

Prove that any (n + 1)-element subset of {1,2,...,2n} contains two integers that
are relatively prime.

Prove that if we select n + 1 numbers from the set S = {1,2,3,...,2n}, among the
numbers selected there are two such that one is a multiple of the other one.

(Putnam 1978) Let A be any set of 20 distinct integers chosen from the arithmetic
progression {1,4,7,...,100}. Prove that there must be two distinct integers in A
whose sum if 104.
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9.4. Let A be the set of all 8-digit numbers in base 3 (so they are written with the digits
0,1,2 only), including those with leading zeroes such as 00120010. Prove that given
4 elements from A, two of them must coincide in at least 2 places.

9.5. During a month with 30 days a baseball team plays at least a game a day, but
no more than 45 games. Show that there must be a period of some number of
consecutive days during which the team must play exactly 14 games.

10. Telescoping.

10.1. (Putnam 1984) Express

kg (3k+1 _ 2k+1)<3k _ 2k)

1
as a rational number.

10.2. (Putnam 1977) Evaluate the infinite product

~nd—1
Hn3+1

n=2

11. Symmetries.

11.1. A spherical, 3-dimensional planet has center at (0,0,0) and radius 20. At any point
of the surface of this planet, the temperature is T(z,y,2) = (x + y)* + (y — 2)?
degrees. What is the average temperature of the surface of this planet?

/2 dx
11.2. (Putnam 1980) Evaluate/ —_—
o 1+ (tanz)v2

12. Inclusion-Exclusion.

12.1. How many positive integers not exceeding 1000 are divisible by 7 or 117

12.2. Imagine that you are going to give n kids ice-cream cones, one cone per kid, and
there are k different flavors available. Assuming that no flavor gets mixed, find the
number of ways we can give out the cones using all £ flavors.

12.3. Let ay,aq, ..., a, an ordered sequence of n distinct objects. A derangement of this
sequence is a permutation that leaves no object in its original place. For example,
if the original sequence is {1,2,3,4}, then {2,4,3,1} is not a derangement, but
{2,1,4,3} is. Let D,, denote the number of derangements of an n-element sequence.

Show that ) ) .
(1= = . (=)=
Dn—n.<1 TRET +(-1) m).
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13. Miscellany.

13.1.

13.2.

13.3.

13.4.

13.5.

13.6.

13.7.

13.8.

20000
(Putnam 1986) What is the units (i.e., rightmost) digit of {MJ ?

(IMO 1975) Prove that there are infinitely many points on the unit circle z?+y? = 1
such that the distance between any two of them is a rational number.

(Putnam 1988) Prove that if we paint every point of the plane in one of three colors,
there will be two points one inch apart with the same color. Is this result necessarily
true if we replace ”"three” by "nine”?

Imagine an infinite chessboard that contains a positive integer in each square. If
the value of each square is equal to the average of its four neighbors to the north,
south, west and east, prove that the values in all the squares are equal.

(Putnam 1990) Consider a paper punch that can be centered at any point of the
plane and that, when operated, removes precisely those points whose distance from
the center is irrational. How many punches are needed to remove every point?

(Putnam 1984) Let n be a positive integer, and define
fn)=1+24+---+nl.
Find polynomials P(z) and @(x) such that
fn+2) = Pn)f(n+1)+Q(n)f(n)

for all n > 1.

(Putnam 1974) Call a set of positive integers “conspiratorial” if no three of them
are pairwise relatively prime. What is the largest number of elements in any con-
spiratorial subset of integers 1 through 167

(Putnam 1984) Prove or disprove the following statement: If F is a finite set with
two or more elements, then there exists a binary operation % on F' such that for all
x,y,z in F

(i) « % z = y * z implies x = y (right cancellation holds), and

(i) x % (y x z) # (z x y) * z (no case of associativity holds).



1.1.

1.2.

1.3.

1.4.

1.5.

1.6.
1.7.

1.8.
1.9.

1.10.

1.11.

1.12.

1.13.

2.1.

2.2.
2.3.
2.4.

2.5.
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HinTsS

For the induction step, rewrite 22"*1) — 1 as a sum of two terms that are divisible
by 3.

For the inductive step assume that step a” — b" is divisible by a — b and rewrite
a1 — b as a sum of two terms, one of them involving a” — b" and the other one
being a multiple of a — b.

Strong induction.
Rewrite r"*1 + 1/r"L in terms of r* + 1/rF with k < n.
How many regions can be intersected by the (n + 1)th line?

Color a plane divided with n of lines in the desired way, and think how to recolor
it after introducing the (n 4 1)th line.

How many regions can be intersected the by (n + 1)th circle?

We have 1 =5-(=7)+12-6 = 5-5+12-(—2). Also, prove that if n = bz +12y > 44,
then either x > 7 or y > 2.

For the inductive step, consider a 2" x 271 defective chessboard and divide it
into four 2" x 2" chessboards. One of them is defective. Can the other three be
made defective by placing strategically an L7

Use induction on the number of piles.

The numbers 8 and 9 form one such pair. Given a pair (n,n + 1) of consecutive
square-fulls, find some way to build another pair of consecutive square-fulls.

Look at oddness/evenness of the four lowest degree terms of the expansion.

One way to solve this problem is by using the AGM inequality on each factor of the
left hand side.

Apply the AGM inequality to the set of numbers 1,2,..., n.

Power means inequality with weights £~ and -

p+q p+q°

Power means inequality.



2.6.

2.7.

2.8.

2.9.
2.10.

2.11.

2.12.
2.13.
2.14.
2.15.

2.16.

2.17.

2.18.
2.19.

2.20.

3.1.
3.2.

3.3.
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This problem can be solved by using Minkowski’s inequality, but another way to
look at it is by an appropriate geometrical interpretation of the terms (as distances
between points of the plane.)

Many minimization or maximization problems are inequalities in disguise. The
solution usually consists of “guessing” the maximum or minimum value of the func-
tion, and then proving that it is in fact maximum or minimum. In this case, given
the symmetry of the function a good guess is f(1,1,...,1) = n, so try to prove
f(zq,x9,...,2,) > n. Use the AGM inequality on z1, ..., z,.

T

Apply the Cauchy-Schwarz inequality to the vectors ( Tt \/ir—x, \/any) and (u, v, w),

and choose appropriate values for u, v, w.
Arithmetic-Harmonic Mean inequality.
Assume a < b < ¢, A< B <, and use Chebyshev’s Inequality.

Divide by the right hand side and use the AGM inequality on both terms of the
left.

Note that n! is increasing (n < m = nl <m!)

Look at the function f(x) = (1999 — x)In (1999 + x).

The numbers b? and (b + 1)? are consecutive squares.

Use the AGM inequality on the squares of the roots of the polynomial.

Think geometrically. Interpret the given expression as the square of the distance
between two points in the plane. The problem becomes that of finding the minimum
distance between two curves.

Consider the expressions P = (%) (%) e (2”_1) and Q) = (%) (%) (2"_2). Note

2n—1
that k—;l<k—i1,fork:1,2,....

Look at the binomial expansion of (m + n)™*".

AGM inequality.

Try first the cases n = 1 and n = 2. Then use induction.

Contradiction.

Assume that there are finitely many primes of the form 4n+ 3, call P their product,
and try to obtain a contradiction similar to the one in Euclid’s proof of the infinitude
of primes.

Prove that n® + 2n and n* + 3n? + 1 are relatively prime.



3.4.
3.5.
3.6.
3.7.

3.8.
3.9.
3.10.
3.11.
3.12.

3.13.

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.

4.7.

4.8.

4.9.

5.1.
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Prove that p(k) divides p(p(k) + k).
Induction.
Study the equation modulo 3.

Call the sum S and find the maximum power of 2 dividing each side of the equality

nlS = i%'
k=1

f(n) =n (mod 9).

Chinese Remainder Theorem.

The minimum of a, b, ¢ cannot be very large.

Try changing variables x =a+1,y=b+1, 2 =c+ 1.
Study the equation modulo 16.

Use the Pigeonhole Principle to prove that the sequence of pairs (F),, F,11) is even-

tually periodic modulo N = 10107

Call z = v/2 4+ /5 and eliminate the radicals.

Prove that the sum is the root of a monic polynomial but not an integer.
Look at the polynomial Q(z) = (z + 1)P(x) — x.

Use the relationship between zeros and coefficients of a polynomial.

For each integer k study the parity of p(k) depending on the parity of k.

We must prove that P(1) = 0. See what happens by replacing = with fifth roots of
unity.

Assume (z —a)(x —b)(x —c¢) — 1 = p(x)q(x), and look at the possible values of p(x)
and ¢(x) for z = a, b, c.

Assume g(z) = h(z)k(z), where h(x) and k(z) are non-constant polynomials with
integral coefficients. Prove that the can be assumed to be positive for every x and
h(pi) = k(p;) = 1, i = 1,...,n. Deduce that both are of degree n and determine
their form. Get a contradiction by equating coefficients in g(z) and h(x)k(x).

The remainder will be a second degree polynomial. Plug the roots of 23 — x.

If m = a? +b* and n = ¢® + d?, then consider the product z = (a + bi)(c + di) =
(ac — bd) + (ad + be)i.



5.2.

5.3.
5.4.
5.5.
5.6.

5.7.
5.8.

6.1.
6.2.
6.3.

6.4.
6.5.

6.6.

6.7.

7.1.

7.2.
7.3.

7.4.
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n
The left hand side of the equality is the imaginary part of Z ek,
k=0
Let x = e,

27i/3 then w and w? are two roots of p(2).

fw=e
Write sint = (e — ™) /2i.

Assume the vertices of the n-gon placed on the complex plane at the nth roots of
unity.

Look at the function h(x) = f(z) + ig(x).

Assume the lights placed on the complex plane at the nth roots of unity 1, ¢, (2, ..., ¢
where ¢ = >™/",

Expand and differentiate (1 + z)".
Expand both sides of (1+ x)"(1 + )" = (1 + x)*" and look at the coefficient of z".

Expand both sides of (1 + z)™(1 4 )" = (1 + z)™*" and look at the coefficient of
x.

Look at the generating function of the Fibonacci sequence.

Find the generating function of the sequence u,, = number of nonnegative solutions
of 2a 4+ 5b = n.

The answer equals the coefficient of 1% in the expansion of (1+x +z?+-- -+ 2%)",
but that coefficient is very hard to find directly. Try some simplification.

Look at the polynomial P(z) = a; + asx + azz? + - - - + azoz?, and at its values at
3rd, 5th,...roots of unity.

The subsets of {1,2,...,n} that contain no two consecutive elements can be divided
into two classes, the ones not containing n, and the ones containing n.

The (n + 1)th “vee” divides the existing regions into how many further regions?

The tilings of a nx2 rectangle by dominoes can be divided into two classes depending
on whether we place the rightmost domino vertically or horizontally.

The minimal selfish subsets of {1,2,...,n} can be divided into two classes depending
on whether they contain n or not.

n—1
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Assume that by, bo, . .., b, is a derangement of the sequence a1, as, ..., a,. How many
possible values can b, have? Once we have fixed the value of b,, divide the possible
derangements into two appropriate classes.

Vu? = |ul.
Find the limit of the sequence a; = \/5, ani1 = V2 +a, (n>1).
Call the limit L. Find some equation verified by L.

Justify that the desired derivatives must coincide with those of the function g(x) =
1/(1+ 2?).

Compare the sum to some integral of the form fab % dx.
Take logarithms. Interpret the resulting expression as a Riemann sum.

Interpret the first series is as a Maclaurin series. Interchange integration and sum-
mation with the second series (don’t forget to justify why the interchange is “legit-
imate”.)

In fact any real number r is the limit of a sequence of numbers of the form /n— /m.
We want r ~ /n—/m, i.e., r+/m ~ ¢/n. Note that v/n + 1—/n — 0asn — oc.
If y € f(R) what is f(y)?

Consider the function g(z) = f(x) — f(z + 1/999). Use the intermediate value
theorem.

Divide the set into n subsets each of which has only pairwise relatively prime num-
bers.

Divide the set into n subsets each of which contains only numbers which are multiple
or divisor of the other ones.

Look at pairs of numbers in that sequence whose sum is precisely 104. Those pairs
may not cover the whole progression, but that can be fixed. ..

Prove that for each k =1,2,...,8, at least 2 of the elements given coincide at place
k. Consider a pair of elements which coincide at place 1, another pair of elements
which coincide at place 2, and so on. How many pairs of elements do we have?

Consider the sequences a; = number of games played from the 1st through the jth
day of the month, and b; = a; + 14. Put them together and use the pigeonhole
principle to prove that two elements must be the equal.

Try to re-write the nth term of the sum as 3,6{’“% — 3,€+£‘“2,€+1 )
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If you write a few terms of the product will notice a lot of cancellations. Factor the
numerator and denominator of the nth term of the product and cancel all possible
factors from £k = 2 to K = N. You get an expression in N. Find its limit as
N — o0.

Start by symmetrizing the given function:
f(‘/'r;? y? Z) - T(x7 y7 Z) —"_ T(y? Z7 x) —"_ T(Z7 x? y) *

Look at the expression f(z) + f(5 — x).

Find the number of distributions of ice-cream cones without the restriction ”using
all k flavors”. Then remove the distributions in which at least one of the flavors is
unused.

If P; is the set of permutations fixing element a;, then the set of non-derangements
are the elements of the P, UP,U---UP,.

20000 __ 3200

C to ———F—
ompare to 1010 13

If cosu, sinwu, cosv, and sin v are rational, so are cosu + v and sinu + v.
Contradiction.

Since the values are positive integers, one of them must be the smallest one. What
are the values of the neighbors of a square with minimum value?

Try punches at (0,0), (£a,0), ...for some appropriate «.

Note that % is a very simple polynomial in n.

Start by finding some subset 7" of S as large as possible and such that any three
elements of it are pairwise relatively prime.

Try a binary operation that depends only on the first element: = xy = ¢(z).
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SOLUTIONS

We prove it by induction. The basis step corresponds to n = 4, and in this case
certainly we have 4! > 2* (24 > 16). Next, for the induction step, assume the
inequality holds for some value of n > 4, i.e., we assume n! > 2", and look at what
happens for n + 1:

n+D!=n(n+1)>2"(n+1)>2".2=2"""

by induction hypothesis
Hence the inequality also holds for n + 1. Consequently it holds for every n > 4.

For the basis step, we have that for n = 1 indeed 2%! — 1 =4 — 1 = 3 is divisible
by 3. Next, for the inductive step, assume that n > 1 and 2" — 1 is divisible by 3.
We must prove that 22**1) — 1 is also divisible by 3. We have

22(n+1)_1:22n+2_1:4_22n_1:3_2271_’_(2271_1).

In the last expression the last term is divisible by 3 by induction hypothesis, and
the first term is also a multiple of 3, so the whole expression is divisible by 3 and
we are done.

By induction. For n = 1 we have that a' — b' = a — b is indeed divisible by a — b.
Next, for the inductive step, assume that a™ — 0" is divisible by a — b. We must
prove that a"*! — b"*! is also divisible by a — b. In fact:

a"tt — bt = (a—b)a" +b(a" —b").

On the right hand side the first term is a multiple of a — b, and the second term is
divisible by a — b by induction hypothesis, so the whole expression is divisible by
a —b.

We prove it by strong induction. First we notice that the result is true for n = 0
(Fo=0<1=2% andn=1(F, =1 < 2=2". Next, for the inductive step,
assume that n > 1 and assume that the claim is true, i.e. F}, < 2*, for every k such
that 0 < k < n. Then we must prove that the result is also true for n + 1. In fact:

Fop1 =Fy+ Fqy <2742 < 2" 420 =2mt

by induction hypothesis
and we are done.
We prove it by induction. For n = 1 the expression is indeed an integer. For n = 2

we have that 72 + 1/r? = (r + 1/r)? — 2 is also an integer. Next assume that n > 2
and that the expression is an integer for n — 1 and n. Then we have

1 1 1 1
n+1 _ n n—1
(r —i——rn+1>—(r +r_”> (7’—#;)—(7’ +Tn—1> ,

hence the expression is also an integer for n + 1.
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1.6. By experimentation we easily find:

CORIGE

FIGURE 1. Plane regions.

n |1 2 3
Rn)|2 4 7 11 ...
A formula that fits the first few cases is R(n) = (n? + n + 2)/2. We will prove by
induction that it works for all n > 1. For n =1 we have R(1) =2 = (12 +1+2)/2,
which is correct. Next assume that the property is true for some positive integer n,
le.

n?4+n+2

We must prove that it is also true for n + 1, i.e.,
(n+12°+(n+1)+2 n*+3n+4
2 B 2 '

So lets look at what happens when we introduce the (n + 1)th straight line. In
general this line will intersect the other n lines in n different intersection points,
and it will be divided into n + 1 segments by those intersection points. Each of
those n + 1 segments divides a previous region into two regions, so the number of
regions increases by n + 1. Hence:

Rn+1)=8n)+n+1.
But by induction hypothesis, R(n) = (n? + n + 2)/2, hence:

2 2 243 4
R(n+1):%+n+1:%.

R(n+1)=

QED.

1.7. We prove it by induction in the number n of lines. For n = 1 we will have two
regions, and we can color them with just two colors, say one in red and the other
one in blue. Next assume that the regions obtained after dividing the plane with
n lines can always be colored with two colors, red and blue, so that no two regions
that share a boundary have the same color. We need to prove that such kind of
coloring is also possible after dividing the plane with n+1 lines. So assume that the
plane divided by n lines has been colored in the desired way. After we introduce the
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(n + 1)th line we need to recolor the plane to make sure that the new coloring still
verifies that no two regions that share a boundary have the same color. We do it
in the following way. The (n + 1)th line divides the plane into two half-planes. We
keep intact the colors in all the regions that lie in one half-plane, and reverse the
colors (change red to blue and blue to red) in all the regions of the other half-plane.
So if two regions share a boundary and both lie in the same half-plane, they will
still have different colors. Otherwise, if they share a boundary but are in opposite
half-planes, then they are separated by the (n + 1)th line; which means they were
part of the same region, so had the same color, and must have acquired different
colors after recoloring.

The answer is f(n) = n?> — n + 2. The proof is by induction. For n = 1 we get
f(1) = 2, which is indeed correct. Then we must prove that if f(n) = n? —n + 2
then f(n+1) = (n+1)>— (n+ 1) + 2. In fact, the (n + 1)th great circle meets
each of the other great circles in two points each, so 2n points in total, which
divide the circle into 2n arcs. Each of these arcs divides a region into two, so the
number of regions grow by 2n after introducing the (n + 1)th circle. Consequently
fin+1)=n*—n+2+2n=n*+n+2=(n+1?2?-(n+1)+2, QED.

We proceed by induction. For the basis step, i.e. n = 44, we can use four 5¢ stamps
and two 12¢ stamps, so that 5-4+12-2 = 44. Next, for the induction step, assume
that for a given n > 44 the task is possible by using x 5¢ stamps and y 12¢ stamps,
i.e, n = 5z 4+ 12y. We must now prove that we can find some combination of 2’ 5¢
stamps and y’ 12¢ stamps so that n+1 = 5z’ +12y/. First note that either z > 7 or
y > 2 — otherwise we would have x < 6 and y < 1, hencen < 5-64+12-1 =42 < 44,
contradicting the hypothesis that n > 44. So we consider the two cases:

1. If x > 7, then we can accomplish the goal by setting ' = x — 7 and ¢/ = y + 6:

S’ 4+ 12y =5(x —T)+12(y+6)=bzx+12y+1=n+1.

2. On the other hand, if y > 2 then, we can do it by setting 2’ = x + 5 and
Yy =y—2:
br' 4+ 12y =5(x +5)+12(y—2)=bzx+12y+1=n+1.

We prove it by induction on n. For n = 1 the defective chessboard consists of
just a single L and the tiling is trivial. Next, for the inductive step, assume that
a 2" x 2" defective chessboard can be tiled with L’s. Now, given a 2"*! x 2n+!
defective chessboard, we can divide it into four 2™ x 2" chessboards as shown in the
figure. One of them will have a square missing and will be defective, so it can be
tiled with L’s. Then we place an L covering exactly one corner of each of the other
2" x 2™ chessboards (see figure). The remaining part of each of those chessboards
is like a defective chessboard and can be tiled in the desired way too. So the whole
2ntL 5 9nFl defective chessboard can be tiled with L’s.

We use induction on the number n of piles. For n = 1 we have only one pile, and
since each player must take at least one token from that pile, the number of tokes in
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2n+1

NN ot
]

2n

2?’L
FIGURE 2. A 27t! x 27t defective chessboard.

it will decrease at each move until it is empty. Next, for the induction step, assume
that the game with n piles must end eventually. We will prove that the same is true
for n 4 1 piles. First note that the players cannot keep taking tokens only from the
first n piles, since by induction hypothesis the game with n piles eventually ends.
So sooner or later one player must take a token from the (n + 1)th pile. It does not
matter how many tokes he or she adds to the other n piles after that, it is still true
that the players cannot keep taking tokens only from the first n piles forever, so
eventually someone will take another token from the (n + 1)th pile. Consequently,
the number of tokens in that pile will continue decreasing until it is empty. After
that we will have only n piles left, and by induction hypothesis the game will end
in finitely many steps after that.

1.12. The numbers 8 and 9 are a pair of consecutive square-fulls. Next, if n and n+1 are
square-full, so are 4n(n + 1) and 4n(n+ 1) +1 = (2n + 1)%
1.13. For n =2,3,4,5,6 we have:
(1+z+2%)? =1+ 2v + 3% + 22° + 2
(14+x+2%)°=1+32+ 62"+ 72° + - -
(1+2+2)* =1 +42 +102% + 162° 4 - - -
(1+z+2%° =1+ 5z + 152° + 302° + - - -
(1+z+ 235 =1+ 6z + 212° + 502° + - - -
1An alternate proof based on properties of ordinal numbers is as follows (requires some advanced set-
theoretical knowledge.) Here w = first infinite ordinal number, i.e., the first ordinal after the sequence of
natural numbers 0,1,2,3,.... Let the ordinal number o = ag + a1w + asw? + -+ + ap_1wW" ™! represent
a configuration of n piles with ag,a,...,a,—1 tokens respectively (read from left to right.) After a move

the ordinal number representing the configuration of tokens always decreases. Every decreasing sequence of
ordinals numbers is finite. Hence the result.
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In general, if (1+ 2 + 2?)" = a + bx + cx? + dx® + - - -, then
I+z+2?)" ' =a+(a+b)r+(a+b+e)x*+ (b+c+d)a®+---,

hence the first four coefficients of (1 + = 4+ 2?)"*! depend only on the first four
coefficients of (1 + z 4+ 2%)". The same is true is we write the coefficients modulo 2,
i.e., as “0” if they are even, or “1” if they are odd. So, if we call g,(z) = (14+z+22)"
with the coefficients written modulo 2, we have

q(z) =141z + 12°

¢@(x) = 1+0x+ 122+ 023 + 124
g(r) =1+ 1o+ 02% + 12° + - -
qu(r) = 14 02 4+ 02 + 023 + - --
Q5($)=1+1x+1x2—|—0m3+...

(I6($):1+0x+1x2+0x3+...

We notice that the first four coefficients of gg(z) coincide with those of go(z), and
since these first four coefficients determine the first four coefficients of each sub-
sequent polynomial of the sequence, they will repeat periodically so that those of
¢n(x) will always coincide with those of ¢,,4. Since for n = 2,3,4,5 at least one
of the first four coefficients of g,(x) is 0 (equivalently, at least one of the first four
coefficients of (1+ x + x?)" is even), the same will hold for all subsequent values of
n.

Using the AGM Inequality on each factor of the LHS we get

a’b + b’c+ 2a)\ [ ab® + bc? + ca® 5 5
> 33,3 30303 ) — 2B
( 3 )( 3 )_(Vabc)(xﬂzbc) a“bc

Multiplying by 9 we get the desired inequality.
Another solution consists of using the Cauchy-Schwarz inequality:
(a®b+ b%c + cFa)(ab® + be* + ca®) =
((aVB)? + 0V + (eva)?) (Voo + (Vea) + (Vab)?)
> (abc + abc + abe)?
= 9a’b*c*.

This result is the AGM applied to the set of numbers 1,2,...,n:

n(n+1)
n1-2-----n<1+2+ —l-n: 5 _n—i—l‘
n n 2

Raising both sides to the nth power we get the desired result.
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2.3. The simplest solution consists of using the weighted power means inequality to the

(weighted) arithmetic and quadratic means of  and y with weights -2~ and -L:

p+q p+q’
p+q p+q pP+q P+q

hence
(pr +qy)* < (0 + @) (p2* + qy”) .
Or we can use the Cauchy-Schwarz inequality as follows:
(pz +qy)* = (VoVP T+ Vav/ay)®
< ({\/]3}2 + {\/5}2) ({\/ﬁgv}2 + {\/ay}Z) (Cauchy-Schwarz)
= (p+q)(pr” + ay*).

Finally we use p + ¢ < 1 to obtain the desired result.

2.4. By the power means inequality:

atbre <\/a+ﬁ+ﬁ>2

3 3
RH N~ -~ o
M1(a,b,c) M1/2(ab,c)

From here the desired result follows.

2.5. We have:
r+y+z=(r+y+2)Jryz (xyz =1)
2
< W (AGM inequality)
<z*+y’+ 22 (power means inequality)

2.6. The result can be obtained by using Minkowski’s inequality repeatedly:

\/a%+b%—|—\/ag—l—bg—l—---—l—\/a%—l—biz\/(a1+a2)2+(b1+bg)2—l—---+ a2 + b2
> /(a1 +as+as)? + (by + by +b3)2 + ...
+ a2 + 0?2

2\/(al+a2+---+an)2+(b1+b2+...+bn)2

Another way to think about it is geometrically. Consider a sequence of points in
the plane P, = (x,yx), k = 0,...,n, such that

(k, yi) = (Tp—1 + ag, Yo—1 + by) fork=1,...,n.
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Then the left hand side of the inequality is the sum of the distances between two
consecutive points, while the right hand side is the distance between the first one
and the last one:

d(PO7P1)+d(P17P2)++d(Pn717Pn> Sd(P(an)

By the Arithmetic-Geometric Mean Inequality
T1+To+ -+ Xy

= Yr1x9... 2, < ,

n

Hence f(x1,x9,...,x,) > n. On the other hand f(1,1,...,1) = n, so the minimum
value is n.

For x = y = z = 1 we see that S = 3/2. We will prove that in fact 3/2 is the
minimum value of S by showing that S > 3/2.
Note that

() () ()

Hence by the Cauchy-Schwarz inequality:

L N RN )2
N ETRR TR =)

Writing u =y + 2, v =2+ 2, w =/ +y we get

S-2z+y+z)>(x+y+2)7°,

S-(u2+v2—|—w2)2(

hence, dividing by 2(z + y + 2) and using the AGM inequality:

1 1 3
SZ§($+y+z)2§«3\3/xyz:§.

By the Arithmetic-Harmonic Mean inequality:
3 <7 +y+z 1
_|_

- 3 3

8=

+

< =
W =

hence

1 1 1
9< —+—-+-.
xr oy =z

On the other hand for z = y = z = 1/3 the sum is 9, so the minimum value is 9.

Assume a < b < ¢, A< B < (. Then by Chebyshev’s Inequality:

aA+bB+cC - (a+b+c) (A+B+C)
3 - 3 3 ’

Using A+ B + C = 7 and dividing by (a + b + ¢)/3 we get the desired result.
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Assume a; + b; > 0 for each i (otherwise both sides are zero). Then by the AGM
inequality

( - ay )1/n<1< @y )

(a1 +by) - (ay, +by) “n\a+b an + by’

and similarly with the roles of a and b reversed. Adding both inequalities and
clearing denominators we get the desired result.

We have that n! is increasing for n > 1, ie., 1 < n < m = n! < m! So
1999! > 2000 = (1999")! > 2000! = ((1999)1)! > (2000!)! — ... =
19991(2000) > 2000!1(1999)

Consider the function f(z) = (1999 — x)In (1999 + x). Its derivative is f'(z) =

1999 —
—1In (1999 + z) + —x7 which is negative for 0 < z < 1, because in that interval
x

<l=Ine<In(1999 + x).

Hence f is decreasing in [0, 1] and f(0) > f(1), i.e., 19991n1999 > 1998 1n2000.
Consequently 1999199 > 20001998,

We have b2 < b*> + b+ 1 < b?>+2b+1 = (b+1)% But b* and (b+1)? are consecutive
———

a2
squares, so there cannot be a square strictly between them.

We may assume that the leading coefficient is +1. The sum of the squares of the
roots of " + a2 ' + -+ + a, is a? — 2ay. The product of the squares of the roots
is a2. Using the AGM inequality we have
2
ai — 2ay o /o2

- n

n

Since the coefficients are +1 that inequality is (1 £ 2)/n > 1, hence n < 3.
Remark: 23 — 2% — 2+ 1= (z + 1)(x — 1)? is an example of 3th degree polynomial
with all coefficients equal to +1 and only real roots.

The given function is the square of the distance between a point of the quarter of
circle 2 +3? = 2 in the open first quadrant and a point of the half hyperbola zy = 9
in that quadrant. The tangents to the curves at (1, 1) and (3, 3) separate the curves,
and both are perpendicular to z = y, so those points are at the minimum distance,
and the answer is (3 — 1)+ (3 —1)* = 8.

OO OO E)

Let
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< oooo< 2l hence 2P > Q) so

3
<4 2n

[SAIFSN

1
We have PQ = o Also % < %
n

<
2P% > PQ = 3 and from here we get P >
n

2n
2n + 1

1
\/4n'

1
On the other hand we have P < Q < @, hence P2 < PQ = o and from
n

1
here P < ——.

V2n

2.18. The given inequality is equivalent to
(m+n) o (m+n
—m"n" =

m|n' >mmnn < (m+ n)m+n,

n

)m+n

which is obviously true because the binomial expansion of (m +n includes the

term on the left plus other terms.

2.19. Using the AGM inequality we get:
1 (a; ao an ay Qs Qp,
B T N S At
n{b1+b2+ +bn}_ b b

From here the desired result follows.

2.20. We prove it by induction. For n = 1 the result is trivial, and for n = 2 it is a simple
consequence of the following:

0 S (CLQ — a1)<b2 — bl) = (a1b1 + a2b2> — (a1b2 + a2b1> .

Next assume that the result is true for some n > 2. We will prove that is is true for
n + 1. There are two possibilities:
1. If x,,41 = byy1, then we can apply the induction hypothesis to the n first terms
of the sum and we are done.
2. If z41 # bpq1, then z; = b,y for some j # n + 1, and z,41 = b for some
k # n + 1. Hence:
n+1 n
Z a;r; = Zaixi + a;x; + app1Tny
i=1 i=1
i#]

n
= E a;xr; + a/janr]_ + angk
=1

]

(using the inequality for the two-term increasing sequences a;, a,11 and by, by,41)

n
S Zaixi + (ljbk + an—i—lbn-i-l .
i=1
i£]
This reduces the problem to case 1.
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If p and g are consecutive primes and p+ ¢ = 2r, then r = (p+¢q)/2 and p < r < g,
but there are no primes between p and q.

Assume that the set of primes of the form 4n + 3 is finite. Let P be their product.
Consider the number N = P2 — 2. Note that the square of an odd number is of the
form 4n + 1, hence P? is of the form 4n + 1 and N will be of the form 4n + 3. Now,
if all prime factors of N where of the form 4n + 1, N would be of the form 4n + 1,
so N must have some prime factor p of the form 4n + 3. So it must be one of the
primes in the product P, hence p divides N — P? = 2, which is impossible.

That is equivalent to proving that n® + 2n and n* + 3n2 + 1 are relatively prime for
every n. These are two possible ways to show it:

- Assume a prime p divides n® + 2n = n(n? + 2). Then it must divide n or n* + 2.
Writing n? +3n2 +1 =n%(n?+3) + 1 = (n? + 1)(n* + 2) — 1 we see that p cannot
divide n* + 3n? + 1 in either case.

- The following identity

(n?+1)(n* +3n*+1) — (n*+2n)* =1

(which can be checked algebraically) shows that any common factor of n* +3n? + 1
and n3 + 2n should divide 1, so their ged is always 1. (Note: if you are wondering
how I arrived to that identity, I just used the Euclidean algorithm on the two given
polynomials.)

Assume p(z) = ag + a1z + - - + a,z", with a, # 0. We will assume WLOG that
a, > 0, so that p(k) > 0 for every k large enough—otherwise we can use the
argument below with —p(z) instead of p(z).

We have

p(p(k) + k) = i a; [p(k) + k)" .

For each term of that sum we have that
a; [p(k) + k)" = [multiple of p(k)] + a;k’

and the sum of the a;k' is precisely p(k), so p(p(k) + k) is a multiple of p(k). Tt
remains only to note that p(p(k) + k) # p(k) for infinitely many positive integers k,
otherwise p(p(z) + x) and p(x) would be the same polynomial, which is easily ruled
out for non constant p(z).

This can be proved easily by induction. Base case: F; = 1 and F» = 1 are in fact
relatively prime. Induction Step: we must prove that if F}, and F,,.; are relatively
prime then so are F, 1 and Fj, 5. But this follows from the recursive definition of
the Fibonacci sequence: F,, + F,,.1 = F,.o; any common factor of F},;; and F, o
would be also a factor of F},, and consequently it would be a common factor of F},
and F,,1 (which by induction hypothesis are relatively prime.)
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For any integer n we have that n? only can be 0 or 1 mod 3. So if 3 does not divide
a or b they must be 1 mod 3, and their sum will be 2 modulo 3, which cannot be a
square.

Assume the sum S is an integer. Let 2! be the maximum power of 2 dividing n, and
let 29 be the maximum power of 2 dividing n! Then

n

n!_, n!
52 S = Z k2i—i

For n > 2 the left hand side is an even number. In the right hand side all the terms
of the sum are even integers except the one for & = 2 which is an odd integer, so
the sum must be odd. Hence we have an even number equal to an odd number,
which is impossible.

Since each digit cannot be greater than 9, we have that f(n) <9- (1 + log,,n), so
in particular f(N) < 9- (14 4444 - log,,4444) < 9- (1 + 4444 - 4) = 159993. Next
we have f(f(N)) <9-6 = 54. Finally among numbers not greater than 54, the one
with the greatest sum of the digits is 49, hence f(f(f(N))) <4+ 9 = 13.

Next we use that n = f(n) (mod 9). Since 4444 = 7 (mod 9), then

44444444 = 74444 (m0d 9).

We notice that the sequence 7" mod 9 forn =0,1,2,... is1,7,4,1,7,4, ..., with pe-
riod 3. Since 4444 =1 (mod 3), we have 7%* = 7' (mod 9), hence f(f(f(N))) =7
(mod 9). The only positive integer not greater than 13 that is congruent with 7
modulo 9 is 7, hence f(f(f(N))) =T7.

Pick 1999 different prime numbers p1,ps, ..., proge (We can do that because the set
of prime numbers is infinite) and solve the following system of 1999 congruences:

D 0  (mod p?)
r = —1  (mod p3)
A —2  (mod p3)

According to the Chinese Remainder Theorem, that system of congruences has a
solution z (modulo M = p}...plye). For k =1,...,1999 we have that = + k = 0
(mod p3}), hence = + k is in fact a multiple of p;.

Assume a > b > c¢. Then

(B <Y

From here we get that ¢ < 4, so its only possible values are ¢ = 1, 2, 3.
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For ¢ =1 we get (1 + 1/c¢) = 2, hence

1 1
(D) (D) =1
a b
which is impossible.

For ¢ = 2 we have (1+ 1/¢) = 3/2, hence

(-0

3(b+1)
b—3 '
with solutions (a,b) = (15,4), (9,5) and (7,6).
Finally for ¢ = 3 we have 1 +1/c=1+1/3 = 4/3, hence

()03

2(b+1)
b—2
The solutions are (a,b) = (8,3) and (5,4).
So the complete set of solutions verifying a > b > ¢ are

(a,b,c) = (15,4,2), (9,5,2), (7,6,2), (8,3,3), (5,4,3).

The rest of the triples verifying the given equation can be obtained by permutations
of a,b,c.

and from here we get

a =

So

The change of variables * = a+ 1, y = b+ 1, z = ¢ + 1, transforms the equation

into the following one:
1 1 1
+-=1.
x Yy =z
Assuming x < y < z we have that x < 3 < 2.
For x = 1 the equation becomes

1 1
—+-=0.
y oz
which is impossible.
For z = 2 we have
11 1
y oz 2’
or
2y
z=—"=
y—2’

with solutions (y, z) = (3,6) and (4,4).
For « = 3 the only possibility is (y, z) = (3, 3).
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So the list of solutions is
(:'UJ y? Z) - (27 37 6)7 (27 47 4)7 (3? 37 3) )

and the ones obtained by permuting x, y, 2.
With the original variables the solutions are (except for permutations of variables);

(a,b,c) = (1,2,5), (1,3,3), (2,2,2).

We look at the equation modulo 16. First we notice that n* = 0 or 1 (mod 16)
depending on whether n is even or odd. On the other hand 1599 = 15 (mod 16).
So the equation can be satisfied only if the number of odd terms in the LHS is
15 modulo 16, but that is impossible because there are only 14 terms in the LHS.
Hence the equation has no solution.

Call N = 10101010, and consider the sequence a,, = remainder of dividing F), by N.
Since there are only N? pairs of non-negative integers less than N, there must be
two identical pairs (a;, a;41) = (a;, a;41) for some 0 < i < j. Let k = j — 4. Since
(pio = Api1 + ap and a,_1 = ap11 — Gy, by induction we get that a, = a,, for
every n > 0, so in particular a, = a9 = 0, and this implies that F} is a multiple of
N. (In fact since there are N? + 1 pairs (a;, a;41), for i = 0,1,..., N2, we can add
the restriction 0 < i < 7 < N above and get that the result is true for some k such
that 0 < k < N2.)

If 2 =2+ /5 then

22 =7+ 210,
22— 7=2V10,
(> —7)* =40,

zt —142° +9=0.
Hence the desired polynomial is z* — 1422 + 9.

We prove it by showing that the sum is the root of a monic polynomial but not an
integer—so by the rational roots theorem it must be irrational.
First we notice that n < v/n? +1 < n+ 1/n, hence the given sum is of the form

were 0 < 6; < 1/1001, consequently
0<91+92+"‘+91000< 1,

so S is not an integer.
Now we must prove that S is the root of a monic polynomial. More generally we
will prove that a sum of the form

Vai+/az + -+ \/a,
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where the a;’s are positive integers, is the root of a monic polynomial.? This can
be proved by induction on n. For n = 1, \/a; is the root of the monic polynomial
2?—a;. Next assume that y = \/a; +/az+- - -+/a, is a zero of a monic polynomial
P(x)=a"+c,_12" '+ -+ +cy. We will find a polynomial that has z = y + Vant1
as a zero. We have

0= P(y) = Pz — \fam1) = (= = @) + eos(z = Jamm) ™ 4+ co.
Expanding the parentheses and grouping the terms that contain ,/a,1:
0= Pz — yam) = " + Q) + Va1 R(2) .
Putting radicals on one side and squaring
(" + Q) = anp (R(2))°
SO

T(z) = (2" + Q) — ans1 (R(2))’

is a monic polynomial with 2z as a root.

4.3. Consider the following polynomial:
Qz) =(x+1)P(x) — x.
We have that Q(k) =0 for k =0,1,2,...,n, hence, by the Factor theorem,
Q(x)=Czx(zr—1)(x—2)...(xr —n),
where C' is a constant to be determined. Plugging x = —1 we get
Q(-1) =C(=1)(=2)---(=(n+1)).

(-

On the other hand Q(—1) = 0- P(~1) — (—1) = 1, hence C' = CES

Next, plugging in x = n + 1 we get
(_1)n+1

(n+2)P(n+1)—(n+1):C(n—i-l)!:m

(n+ 1= (=",

hence

n+1+ (=1
n+2 '

Pn+1)=

2The result can be obtained also by resorting to a known theorem on algebraic integers (“algebraic integer”
is the mathematical term used to designate a root of a monic polynomial.) It is known that algebraic integers
form a mathematical structure called ring, basically meaning that the sum, difference and product of two
algebraic integers is an algebraic integer. Now, if a; and k; are positive integers, then %/a; is an algebraic
integer, because it is a root of the monic polynomial 2% — a;. Next, since the sum or difference of algebraic
integers is an algebraic integer then + &/a; £ %/as £ --- £+ *t/a, is in fact an algebraic integer (note that
the roots do not need to be square roots, and the signs can be combined in any way.)
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Let the zeros be a, b, ¢, d. The relationship between zeros and coefficients yields

a+b+c+d=18
ab+ac+ ad+bc+bd+cd =k
abc + abd + acd + bed = —200
abed = —1984 .

Assume ab = —32 and let u =a+b, v =c+d, w = cd. Then
u+v=18
-24+uw+tw==k
—32v + uw = —200
—32w = —1984.

From the last equation we get w = 62, and replacing in the other equations we
easily get u =4, v = 14. Hence

k=-32+4-14+62=86].

If £ is an even integer we have p(k) = p(0) (mod 2), and if it is odd then p(k) = p(1)
(mod 2). Since p(0) and p(1) are odd we have p(k) = 1 (mod 2) for every integer
k, so p(k) cannot be zero.

We must prove that P(1) = 0. Consider the four complex numbers p, = e*"/5,

k =1,2,3,4. All of them verify p} = 1, so together with 1 they are the roots of
2° — 1. Since 2° — 1 = (z — 1)(2* + 2® + 2% + x + 1) then the p;’s are the roots of
4+ 3+ 22+ 2+ 1. So

P(1) + pQ(1) + p2R(1) = 0.

Adding for k = 1,2, 3,4 and taking into account that the numbers p? are the p;’s
in a different order we get

P(1)=0.

The answer is no. We prove it by contradiction. Assume (z —a)(x —b)(z—c)—1=
p(z)q(z), where p is linear and ¢ is quadratic. Then p(a)q(a) = p(b)q(b) = p(c)q(c) =
—1. If the coefficients of p and ¢ must integers they can take only integer values,
so in each product one of the factor must be 1 and the other one is —1. Hence
either p(z) takes the value 1 twice or it takes the value —1 twice. But a 1st degree
polynomial cannot take the same value twice.

We prove it by contradiction. Suppose g(x) = h(x)k(z), where h(x) and k(zx) are
non-constant polynomials with integral coefficients. Since g(x) > 0 for every «z,
h(z) and k(z) cannot have real roots, so they cannot change signs and we may
suppose h(xz) > 0 and k(z) > 0 for every x. Since g(p;) = 1 fori = 1,...,n, we
have h(p;) = k(p;) = 1,4 = 1,...,n. If either h(x) or k(x) had degree less than
n, it would constant, against the hypothesis, so they must be of degree n. Also we
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know that h(z) — 1 and k(z) — 1 are zero for z = p;, i = 1,...,n, so their roots are
precisely pi,...,pn, and we can write

h(z) =1+a(x —p1) - (x — pp)
k(x)=1+blx —p1) - (x —pn),
where a and b are integers. So we have
(x—p1)?(x—pu)?+1=
L+ (a+b)(z—p1) - (x—pn) +ablzx —p1)*-- (x —pn)?.
Hence
ab = 1,

which is impossible, because there are no integers a, b verifying those equations.

{a—i—b =0

4.9. Assume the quotient is ¢(x) and the remainder is r(z) = ax? + bx + c¢. Then
2 42 2P 2 o= q(o)(@® —2) +r(2),
Plugging in the values z = —1,0,1 we get r(—1) = —5, r(0) = 0, (1) = 5. From

here we get a = ¢ =0, b =5, hence the remainder is r(z) = 5z.

5.1. If m = a* + b? and n = ¢ + d?, then consider the product z = (a + bi)(c + di) =
(ac — bd) + (ad + bc)i. We have

12> = |a + bi]*|c + di]* = (a® + b*)(c* + d*) = mn,

and
12|*> = (ac — bd)* + (ad + bc)?

so mn is also in fact a sum of two perfect squares.

5.2. The left hand side of the equality is the imaginary part of
Z et — 1 eln /D) _ /2 cos(n+ §) —cos 3 + i{sin(n+ 5) —sin i}
eil? —e=i/2 2isin 1 '

k=

The imaginary part of that expression is

n+1

1 1 S
Cos 3 cos(n+2)281n281n .

1 1
2sin 5 sin 3
5.3. Letting z = €' we have that « + 1/z = € + e = 2 cos a, hence:
2"+ 1/2" = ™ + e = 2cosna.

5.4. Factoring a polynomial is easier to accomplish if we can find its roots. In this case
we will look for roots that are roots of unity e2+7/m:

p<€2k7ri/n) — el(]lwri/n + 62k7ri/n +1.

The three terms of that expression are complex numbers placed on the unit circle at
the vertices of an equilateral triangle for n = 3 and k = 1,2, so if w = e?*™/3, then
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w and w? are roots of p(z), hence p(z) is divisible by (z — w)(z — w?) = 22 + z + 1.
By long division we find that the other factor is 2z — 22 + 1, hence:

p(2) = +2+ 1D -22+1).

Write sint = (e — e7%)/2i and consider the polynomial

n—1
p(:E) _ H(a: . eQﬂ'ik/n) )
k=1
We have:
-1 n—1 ; i ; n—1
kT 6mk/n - e*ﬂ'zk/n efﬂz(nfl)/Q ik p(]_)
- kT . wik/n _
k=1 k=1 k=1

On the other hand the roots of p(x) are all nth roots of 1 except 1, so (z —1)p(x) =
x™ — 1, and

n_q
p(z) == =l+a+a*+-+a" "
r—1
Consequently p(1) =n, and P = 2:_1.

Assume the vertices of the n-gon placed on the complex plane at the nth roots of
unity 1,¢,¢2, ..., ¢!, where ¢ = e2™/™. Then the length of the diagonal connecting
vertices j and k is |[¢* — ¢*|, and the desired product can be written
pP= ]I 1&-¢1.
0<j<k<n
By symmetry we obtain the same product if we replace the condition 7 < k with
k < j, and multiplying both expressions together we get:
pr= I 1&=c =11 T r=¢1
0<j,k<n 0<j,k<n
J#k itk

Note that |¢?| = 1, and for each k, r = k — j takes all non-zero values from k—n+1

to k. Since (" = ("*" we may assume that r ranges from 1 to n — 1, so we can
rewrite the product like this:

Next consider the polynomial
n—1
ple) =[] —¢).
r=1
Its roots are the same roots of ™ — 1 except 1, hence 2" — 1 = (x — 1)p(z) and
" —1

— :1 2 n—1
p(r) = —— trtat 4ot
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hence
n—1

[T -¢)=p() =n.

r=1

consequently P? = n", and P = n™/?.

5.7. Define h(z) = f(x) +ig(z). Then h is differentiable and h'(0) = bi for some b € R.
The given equations can be reinterpret as h(z + y) = h(x)h(y). Differentiating
respect to y and substituting y = 0 we get h'(x) = h(z)h'(0) = bi - h(x), so h(z) =
Ceb for some C' € C. From h(0 + 0) = h(0)h(0) we get C' = C%. If C' = 0 then
h =0 and f and g would be constant, contradicting the hypothesis. Thus C' = 1.
Finally, for any x € R,

f(2)* + g(2)* = [h(@)* = " = 1.

n—1

5.8. Assume the lights placed on the complex plane at the nth roots of unity 1, ¢, (2, ..., (" 1,
where ¢ = e2™/™_ Without loss of generality we may assume that the light at 1 is ini-
tially on. Now, if d < n is a divisor of n and the lights ¢, (ot4, ¢et2d . ¢ot(G-1d
have the same state, then we can change the state of this n/d lights. The sum of
these is

. ¢ 11
C“+c“+d+<““d+---+<“+(T1)d:Ca(1—;) —¢ (1—_cd> -

So if we add up all the roots that are “on”, the sum will never change. The original
sum was 1, and the goal is to get all the lights turned on. That sum will be

1+C+C2+---+C"‘1=%=07&1.

Hence we can never turn on all the lights.

(Z) . G)H (Z)l’”“'* (Z)x" =(1+a)".

Differentiating respect to x:

(T) +2<Z)x+3(§)x2+~-+n<Z) =n(l+z)"".

Plugging in x = 1 we get the desired identity

6.1. We have

6.2. The desired expression states the equality between the coefficient of 2" in each of
the following expansions:

(1+z)*" = i Gj)x’“

k=0



6.3.

6.4.

6.5.

PUTNAM TRAINING PROBLEMS, 2005 35

{(+a) = {Z (Z)} - ZZ (”) (?)

Taking into account that (?) = (nfj), for k = n we get

> (0)-=()(")-S0)

i+j=n i+j=n

and

and that must be equal to the coefficient of z" in (1 + x)*", which is (*").

This is just a generalization of the previous problem. We have

m+n
(1 _I_x)m—l—n _ Z (m;_n)l’k,

k=0

and

The coefficient of ¥ must be the same on both sides, so:

(") 2 00 -506")

where we replace ¢ = k — j in the last step.

The generating function for the Fibonacci sequence is

0+x+x2+2x3+3x4+5x5+---:L.
1 —2— 22

The desired sum is the left hand side with 2 = 1/2, hence its value is
3 5

11 2
O+ -4 — 4+ —+ —+ — o= —2 192},
TatEtEtaty T 1—3—%

-l IS

Let’s look first at the general case 2a+5b = n. Let u,, be the number of nonnegative
solutions to this equation. We need to find wuy9. If we define

Alz) =142 +2* + 2%+
Bx)=1+2"+2"0+2" +...
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we easily see that the generating function f(z) = ug + wyx + ugx® + -+ of the
sequence u, is

f@)=A@)B@) =0+ +2* +25 +- A+ 2+ 20 2P 4.

In order to find the 100th coefficient we start by writing A(z) = 1/(1 —2?), B(z) =
1/(1 — 2°), so:

f(2) = A(z) Bz) = —— — !

T2 1—a2% 1—a2—ad 427"

Hence
1=(1—2%—2°+2") (up +wyz + ugz® +---).
From here we get that 1-ug = 1, hence ug = 1. Similarly 1-u; = 0, hence u; = 0,
etc., so we get ug = us = uy = us = uy = 1, and uy = ug = 0. Then for £ > 7 the
coefficient of z* of the product must be
U — Up—2 — U5 + Up—7 = 0.
So we get the following recursive relation for the terms of the sequence:
U = Ug—2 + Up—5 — Uk—7 -

So now for instance we get ug =ug+us—u; =14+0—0=1, ug = uy + uy — us =
14+1—1=1, and so on, and we get the following sequence:

1,1,1,1,2,1,2,1,2,2,2, 2,2,
. 3,4,4,4,4,4,4,5 4,5 4,5, 5
7.6,7,6,7,7,7,7,7,7,8 1,8,
10, 9, 10, 9, 10, 10, 10, 1

Y

1
3
6a
8 9,9,

Y

.9

’

where w99 = 11.

The answer equals the coefficient of z!° in the expansion of
(14+z+2>+---+2°)°.

Since 1+x+2z%+--- = 1/(1—x) the answer can be obtained also from the coefficient
of 2% in the Maclaurin series of 1/(1 — z)% = (1 — x)~°%. Since that includes six
sequences of the form 0,0,---,10,---,0 we need to subtract 6, so the final answer
is

—6

(—6) o= EOEDES)(9)(-10)(~11)(~12)(-13)(~ 14)(~ 15)
10 10!
= 3003 — 6 =[2997].

Consider the polynomial P(z) = a; + asz + azx? + - - - + asox®®. If r is a 3rd root of
unity different from 1 then P(r) = ¢(1 + r + r?), where ¢ = ay + agy3 + apyp + -
But 1+r+7*=(r*-1)/(r—1) = 0, so P(r) = 0. Analogous reasoning shows that
P(r) = 0 for each 5th, 7th, 11th, 13th, 17th root of unity r different from 1. Since
there are respectively 2 4+ 4 + 6 + 10 + 12 + 16 = 50 such roots of unity we have
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that P(r) is zero for 50 different values of r. But a 49-degree polynomial has only
49 roots, so P(x) must be identically zero.

Let f(n) be that number. Then we easily find f(0) = 1, f(1) = 2, f(2) = 3,
f(3) =b5,... suggesting that f(n) = F,.2 (shifted Fibonacci sequence). We prove
this by showing that f(n) verifies the same recurrence as the Fibonacci sequence.
The subsets of {1,2,...,n} that contain no two consecutive elements can be divided
into two classes, the ones not containing n, and the ones containing n. The number
of the ones not containing n is just f(n—1). On the other hand the ones containing
n cannot contain n — 1, so their number equals f(n —2). Hence f(n) = f(n —1) +

fn—2), QED.

Let x,, be the number of regions in the plane determined by n “vee”s. Then x; = 2,
and z, 11 = x,+4n+1. We justify the recursion by noticing that the (n+1)th “vee”
intersects each of the other “vee”s at 4 points, so it is divided into 4n + 1 pieces,
and each piece divides one of the existing regions of the plane into two, increasing
the total number of regions by 4n + 1. So the answer is

Tn=2+A+1)+4-2+)+-+4-(n—=1)+1)=2n"—n+1.

Let z, be the number of tilings of an n x 2 rectangle by dominoes. We easily find
r1 =1, z9 = 2. For n > 3 we can place the rightmost domino vertically and tile
the rest of the rectangle in x,,_; ways, or we can place two horizontal dominoes to
the right and tile the rest in x,_o ways, so x,, = x,_1 + T,_2. So the answer is the
shifted Fibonacci sequence, x,, = F, 1.

Let f,, denote the number of minimal selfish subsets of {1,2,...,n}. Forn =1 we
have that the only selfish set of {1} is {1}, and it is minimal. For n = 2 we have two
selfish sets, namely {1} and {1,2}, but only {1} is minimal. So f; =1 and f, = 1.
For n > 2 the number of minimal selfish subsets of {1,2,...,n} not containing n
is equal to f,_1. On the other hand, for any minimal selfish set containing n, by
removing n from the set and subtracting 1 from each remaining element we obtain
a minimal selfish subset of {1,2,...,n}. Conversely, any minimal selfish subset of
{1,2,...,n—2} gives raise to a minimal selfish subset of {1,2, ..., n} containing n by
the inverse procedure. Hence the number of minimal selfish subsets of {1,2,...,n}
containing n is f,_o. Thus f, = f._1 + fn_2, which together with f; = f, =1
implies that f, = F,, (nth Fibonacci number.)

Assume that by, bs,...,b, is a derangement of the sequence ai,as,...,a,. The
element b, can be any of aq,...,a,_1, so there are n — 1 possibilities for its value.
Once we have fixed the value of b,, = a;, for some kK =1,... n—1, the derangement
can be of one of two classes: either by = a,, or b, # a,. The first class coincides
with the derangements of aq,...,ax_1,axs1,.-.,0,_1, and there are D,,_5 of them.
The second class coincides with the derangements of aq, ..., a,_1 with a; replaced
with a,,, and there are D,,_; of them.
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The solution is based on the fact that vu? = |u|. Letting u = 1+ +/x — 1 we have
that u? = 2 & 2/ — 1, hence the given function turns out to be:

fle)=14+vVe—-1+|1 —-vz—-1|,
Defined for z > 1.
The expression 1+ +/x — 1 is always positive, hence |1+ vz — 1| =1++/z — 1. On
the other hand |1 — vz —1|=1—-+Vz—-1ifl—vz—1>0and [l —Vz—1| =
~1+ vz —1if1—+/(z—1) <0, hence

(@) l1+vVe—-14+1—-—+vVx—-—1=2 fl—+vz—-1>0
xT) =
l1+vVr—1—-14++vVr—-1=2yz—-1 ifl—+z—-1<0

So the function is equal to 2 if 1 — /x — 1 > 0, which happens for 1 < z < 2. So
f(z) = 2 (constant) in [1,2].

The desired value is the limit of the following sequence:

CL1:\/§

as = \/2+\/§
as=\/2+\/2+ V2

defined by the recursion a; = \/5, api1 = V2+a, (n>1).
First we must prove that the given sequence has a limit. To that end we prove
1. The sequence is bounded. More specifically, 0 < a,, < 2 for every n =1,2,....
This can be proved by induction. It is indeed true for a; = V2. Next, if we
assume that 0 < a, < 2, then 0 < api1 =vV2+a, < V2+2=+V4=2.
2. The sequence is increasing. In fact: a2, = 2+4a, > a, +a, = 2a, > a2, hence
Up41 > Q.
According to the Monotonic Sequence Theorem, every bounded monotonic (in-
creasing or decreasing) sequence has a limit, hence a, must have in fact a limit
L =1lim,_. a,.
Now that we know that the sequence has a limit L, by taking limits in the recursive
relation a,.; = /2 + a,, we get L = /2+ L, hence L? — L —2=0,s0 L = 2 or
—1. Since a,, > 0 then L > 0, hence L = 2. Consequently:

\/2+\/2+\/2+W:2.

We will prove that the answer is (3 + v/5)/2.

The value of the infinite continued fraction is the limit L of the sequence defined
recursively xog = 2207, x,.1 = 2207 — 1/x,, which exists because the sequence is
decreasing (induction). Taking limits in both sides we get that L = 2007 — 1/L.
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Since x, > 1 for all n (also proved by induction), we have that L > 1. If we
call the answer r we have r® = L, so r® + 1/r® = 2207. Then (r* + 1/r*)? =
r® + 24+ 1/r8 = 2+ 2207 = 2209, hence r* + 1/r* = /2209 = 47. Analogously,
(r2+1/r?)? = r* 4+ 2+ 1/r* = 2447 = 49, so > + 1/r?> = V49 = 7. And
(r+1/r)?=r24+2+1/r?=2+7=9 s0or+1/r =+/9 = 3. From here we get
72 —3r+1=0, hence r = (3£ +/5)/2, but r = L'/8 > 1, so r = (34 /5)/2.

That function coincides with g(z) = 1/(1 + 2?) at the points * = 1/n, and the
derivatives of g at zero can be obtained from its Maclaurin series g(z) = 1 — 2% +
ot — 25 + ... namely ¢ (0) = (—1)*k! and g®**1Y(0) = 0. In order to prove that
the result applies to f too we have to study their difference h(z) = f(x) — g(x).
We have that h(z) is infinitely differentiable. Also h(1/n) =0 for n = 1,2,3,...,
hence h(0) = lim, o, h(1/n) = 0. By Rolle’s theorem, h'(x) has zeros between the
zeros of h(x), hence h'(0) is the limit of a sequence of zeros, so h'(0) = 0. The same
is true about all derivatives of h at zero. This implies that f*)(0) = ¢ (0) for
every k=1,2,3,..., hence f@®*(0) = (—1)*k! and f+1(0) = 0.

By looking at the graph of the function y = 1/x we can see that

2n q 1 1 1 1 n-19
—dr < — + + —4+ -+ < —dx .
n T n n+l n42 2n —1 nel T

We have

2n
1
/ —dr=In(2n) —Inn=1In2,
n T

n=1 on — 1
/ —dlen(Zn—l)—ln(n—l)zln{ " }—>ln2.

1 X n—1 n—00

Hence by the Squeeze Theorem, the desired limit is In 2.
Let P be the limit. Then

= 1 k
In(P) = lim E —In (1 + —)
n—oo 1 n n

That sum is a Riemann sum for the following integral:
1
/ In(1+z)de=[1+2)In(l+z)—1)] =22 1.
0

Hence P = 20271 = 4/e.
The series on the left is ze=*"/2. Since the terms of the second sum are non-negative,
we can interchange the sum and integral:

00 S 2n oo 00 2n
_$2/2 X . _$2/2 x
/ ze Z 72%(”!)2 dr = ;/0 ze 72%(”!)2 dx

0 n=0
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The term for n =0 is
/ ze 2 dy = [—e‘xQ/Q] =0—-(-1)=1.
0 0
Next, for n > 1, integrating by parts:

o0

/oo 2 <$e_x2/2> dr = [—xQ”e_xQ/Qro#—Qn/ g1 (we‘x2/2> dx .
0 0, 0

~
0

Thus, by induction
/ " (xe’”“gm) dr=2-4-6---2n.
0

Hence the integral is
o

1
N
21|

n=0

8.8. The answer is affirmative, in fact any real number r is the limit of a sequence of
numbers of the form /n — /m. First assume

In<r+VYm<vn+1,

which can be accomplished by taking n = [(r + </m)3|. We have

0<r—(Vn—vm)<vVn+l-7n
1
VO Pl Dt Ve

Since the last expression tends to 0 as n — oo, we have that

= Jim {3/l v - v}

m—0o0

8.9. From f(f(z)) = 1/f(x) we get that f(y) = 1/y for all y € f(R). Hence f(999) =
1/999. Since f is continuous it takes all possible values between 1/999 and 999, in
particular 500 € f(R). Hence f(500) = 1/500.

8.10. Consider the function g : [0,1998/1999] — R, g(z) = f(x) — f(x 4+ 1/999). Then g
is continuous on [0, 1998/1999], and verifies
1998

S g(k/1999) = f(1) — f(0) = 0.

Since the sum is zero it is impossible that all its terms are positive or all are negative,
so either one is zero, or there are two consecutive terms with opposite signs. In the
former case, g(k/1999) = 0 for some k, so f(k/1999) = f((k+1)/1999) and we are
done. Otherwise, if there are two consecutive terms g(k/1999) and g((k + 1)/1999)
with different signs, then for some z € [k/1999, (k 4 1)/1999] we have g(z) = 0,
hence f(x) = f(x 4+ 1/1999), and we are also done.
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We divide the set into n-classes {1,2},{3,4},...,{2n — 1,2n}. By the pigeonhole
principle, given n + 1 elements, at least two of them will be in the same class,
{2k — 1,2k} (1 < k < n). But 2k — 1 and 2k are relatively prime because their
difference is 1.

For each odd number o = 2k — 1, k = 1,...,n, let C, be the set of elements x in
S such that z = 2'a for some i. The sets C1,Cs, ..., Cy,_1 are a classification of S
into n classes. By the pigeonhole principle, given n + 1 elements of S, at least two
of them will be in the same class. But any two elements of the same class C\, verify
that one is a multiple of the other one.

The given set can be divided into 18 subsets {1}, {4,100}, {7,97}, {10,94},...,
{49,55}, {52}. By the pigeonhole principle two of the numbers will be in the same
set, and all 2-element subsets shown verify that the sum of their elements is 104.

For k =1,2,...,8, look at the digit used in place k for each of the 4 given elements.
Since there are only 3 available digits, two of the elements will use the same digit
in place k, so they coincide at that place. Hence at each place, there are at least
two elements that coincide at that place. Pick any pair of such elements for each
of the 8 places. Since there are 8 places we will have 8 pairs of elements, but there
are only (3) = 6 two-element subsets in a 4-element set, so two of the pairs will be
the same pair, and the elements of that pair will coincide in two different places.

Let a; the number of games played from the 1st through the jth day of the month.
Then ay,as,...,a3 is an increasing sequence of distinct positive integers, with
1 < a; < 45. Likewise, b; = a; + 14, j = 1,...,30 is also an increasing se-
quence of distinct positive integers with 15 < b; < 59. The 60 positive integers
ai,...,asp, b1, ..., bsy are all less than or equal to 59, so by the pigeonhole principle
two of them must be equal. Since the a;’s are all distinct integers, and so are the
b;’s, there must be indices ¢ and j such that a; = b; = a; + 14. Hence a; — a; = 14,
i.e., exactly 14 games were played from day j + 1 through day .

We have
6k 3k 3k+1
(K1 — 2k¥1)(3k —2k) 3k — 2k  ghtl _ Qkfl’

So this is a telescopic sum:

0 6" k k41
L 3 3
> (351 — 2 1)(3F — 28) i Z 3k _ ok 3kl _ okt

k=1
] 3n+1
- 71151010 {3 © gn+l _ 9n+l }

=3-1=2.
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This is a telescopic product:

n*—1 (n—1)n*+n+1) m-1{nn+1)+1}
n+1 (m+Dm2—n+1) O+D{n-1)n+1}’

hence
St - D{nm+1)+1)
l_lgn3+1_]vlﬁol_[2<n+1){(n—1)n+1}
o NV D 41} 2
TN BN(N+1) 3

Counsider the function
[y, 2) =T(x,y,2) + T(y, z,2) + T(z,z,y) =4a® +4y> +42°.

On the surface of the planet that function is constant and equal to 4-202 = 1600, and
its average on the surface of the planet is 1600. Since the equation of a sphere with
center in (0,0,0) is invariant by rotation of coordinates, the three terms T'(z,y, 2),
T(y,z,x), T(z,7,y) have the same average value T on the surface of the planet,
hence 1600 = 3T, and T = 1600/3.

Writing o = v/2, the integrand f(z) = 1/(1 + tan® z) verifies the following symme-
try:
1 1
_|_
1+tan“x 1+ cot®w

f@)+f(§—x) =

1 . tan® x
14+tan®z 14 tan®x
=1.
On the other hand, making the substitution v = 7 —

/02f<§— du—/ e

where [ is the desired integral. So:

QIz/Og{f(x)ij(%—:c)} dx:/ogld:v:g.

Hence I = Z

4

w\»

Let A be the set of positive integers no exceeding 1000 that are divisible by 7,
and let B the set of positive integers not exceeding 1000 that are divisible by 11.
Then AU B is the set of positive integers not exceeding 1000 that are divisible by

1000
7 or 11. The number of elements in A is |A| = L—J = 142. The number of

7
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1000
11
1000 that are divisible by 7 and 11 is AN B, and the number of elements in there

1000

elements in B is |B| = = 90. The set of positive integers not exceeding

J = 12. Finally, by the inclusion-exclusion principle:

|AUB| =|A|+|B| —|ANB| =142+ 90 — 12 = 220.

(This is equivalent to finding the number of onto functions from a n-element set to
an k-element set.) If we remove the restriction "using all £ flavors” then the first
child can receive an ice-cream of any of the k£ available flavors, the same is true for
the second child, and the third, etc. Hence the number of ways will be the product
k-k---k=Ek"

Now we need to eliminate the distributions of ice-cream cones in which at least one
of the flavors is unused. So let’s call A; = set of distributions of ice-creams in which
at least the ith flavor is never used. We want to find the number of elements in
the union of the A;’s (and later subtract it from k™). According to the Principle
of Inclusion-Exclusion that number is the sum of the elements in each of the A;’s,
minus the sum of the elements of all possible intersections of two of the A;’s, plus
the sum of the elements in all possible intersections of three of those sets, and so
on. We have:

|A;| = (k= 1)™ (k — 1 flavors distributed among n children)
|A; N Aj| = (k—2)" (k— 2 flavors among n children)
lany triple intersection| = (k — 3)™ (k — 3 flavors among n children)

and so on. On the other hand there are k sets A;, (];) intersections of two sets, (];)

intersections of three sets, etc. Hence the number of distributions of flavors that
miss some flavor is

B e i

and the number of distributions of flavors that do not miss any flavor is £™ minus
the above sum, i.e.:

o (e (- (s (-
im)i(’;) (k—i)".

Let’s denote P; the set of permutations fixing element a;. The set of non-derangements
are the elements of the union Py U P, U---U P,, and its number can be found using
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the inclusion-exclusion principle:

[PLUPU--UR| =) _|P|=> [PNP+ > [PNPNP|—- -

i i#] i#jF ki
Each term of that expression is the number of permutations fixing a certain number
of elements. The number of permutations that fix m given elements is (n — m)!,
and since there are (;:L) ways of picking those m elements, the corresponding sum is
(%) (n —m)! = Z. Adding and subtracting from the total number of permutations
n!, we get

1020000 _ 3200 (10100)200 _ 3200

Let T — _
¢ 10100 1 3 10100 + 3

— (10100)199 . (10100)198 .3 4ot 10100 X 3198 . 3199

. . . 3200 1020000 o
so [ is an integer. On the other hand since 55 < 1 we have that LOTO”J =1

Finally the rightmost digit of I can be found as the 1-digit number congruent to
-39 (mod 10). The sequence 3" mod 10 has period 4 and 199 = 3 + 4 - 49, hence
—3%9mod 10 = —3*mod 10 = —27mod 10 = 3. Hence the units digit of I is 3.

Let o be any (say the smallest) acute angle of a right triangle with sides 3, 4 and
5 (or any other Pythagorean triple). Next, place an infinite sequence of points
on the unit circle at coordinates (cos(2na), sin(2na)), n = 0,1,2,... (The sequence
contains in fact infinitely many points because o cannot be a rational multiple of 7.)
The distance from (cos(2na),sin(2na)) to (cos(2ma),sin(2ma)) is 2sin(jn — m|a),
so all we need to prove is that sin(k«) is rational for any k. This can be done
by induction using that sin a and cos « are rational, and if sinwu, cosu, sinv and
cos(v) are all rational so are sin(u + v) = sinucosv + cosusinv and cos(u + v) =
COS U COS U — SIN U SIn v.

We can prove the first part by way of contradiction. Assume that we have colored
the points of the plane with three colors such that any two points at distance 1
have different colors. Consider any two points A and B at distance v/3 (see figure
3). The circles of radius 1 and center A and B meet at two points P and @,
forming equilateral triangles APQ and BP(Q. Since the vertices of each triangle
must have different colors that forces A and B to have the same color. So any two
points at distance v/3 have the same color. Next consider a triangle DC'E with
CD =CE =3 and DE = 1. The points D and E must have the same color as
C, but since they are at distance 1 they should have different colors, so we get a
contradiction.

For the second part, if we replace “three” by “nine” then we can color the plane
with nine different colors so that any two points at distance 1 have different colors:
we can arrange them periodically in a grid of squares of size 2/3 x 2/3 as shown
in figure 4. If two points P and () have the same color then either they belong to
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S

V3 D

C 1

V3 B
FIGURE 3

the same square and PQ < (2/3)v/2 < 1, or they belong to different squares and

PQ>4/3> 1.
A B C A B C
D E F D E F
G H I G H I
A B C A B C
D E F D E F
FIGURE 4

13.4. Since the values are positive integers, one of them, say n, will be the smallest one.
Look at any square with that value n. Since the values of its four neighbors must be
at least n and their average is n, all four will have value n. By the same reasoning
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the neighbors of these must be n too, and so on, so all the squares must have the
same value n.

13.5. Choose a € R so that o? is irrational, for example a = /2. Use punches at
A= (-a,0), B=(0,0), and C' = («,0). If P = (x,y) then
AP? —2BP* + CP? = (v +a)* +¢y* = 2(2* + v*) + (v — a)* + y* = 207

is irrational, so AP, BP, C'P cannot all be rational.

13.6. We have
fn+2)—fn+1)=n+2)!=n+2)(n+1)!'=n+2)(f(n+1)— f(n)),
hence
fn+2)=n+2)(f(n+1) - f(n) + f(n+1)
=n+3)f(n+1)—(n+2)f(n),
and we can take P(z) =2+ 3, Q(z) = —x — 2.

13.7. A conspiratorial subset of S = {1,2,...,16} has at most two elements from T =
{1,2,3,5,7,11,13}, so it has at most 2 + 16 — 7 = 11 numbers. On the other hand
all elements of S\ T = {4,6,8,9,10,12,14, 15,16} are multiple of either 2 or 3, so

adding 2 and 3 we obtain the following 11-element conspiratorial subset:
{2,3,4,6,8,9,10,12,14, 15,16} .

Hence the answer is 11.

13.8. The statement is true. Let ¢ any bijection on F' with no fixed points (¢(x) # x for
every z), and set x x y = ¢(x). Then
(i) z*z = y*z means ¢(x) = ¢(y), and this implies x = y because ¢ is a bijection.
(ii) We have z x (y * 2) = ¢(x) and (x * y) * 2 = ¢(¢(x)), which cannot be equal
because that would imply than ¢(x) is a fixed point of ¢.



