Math 312 - AB1  Assignment # 1 Solutions

1. SOLUTION: Let’s say that ¥ = 2i + 3; goes from point A (tip of vector @) to point B (tip
of vector b). Since the midpoint of AB is the tip of 77 = 27 + j,

SN QL

So A= (1,—3) and B = (3,2)

2
2. SOLUTION: Since the ring isn’t accelerating, the forces must satisfy
Fi+F+F+F =0.

Since F; = 41, Fy = 57, and Fy = —8k,

F, = —4i—5j +8k

Thus the magnitude of Fy is V(—4)%2 4 (—5)2 + 8 = /105 ~ 10.25 (Newtons).
The direction angles can then be computed as follows:

—4
a = cos! (—) ~ 112.98°
/105

-5
B = cos ! (-————- ~ 119.21°
V105

8

-1 o

v = cos (—\/_) ~ 38.67
105

3. SOLUTION:

(a) L; has “on-ramp” 1i + 1k and direction vector 2i — 37, so its equations are:

r—1 y—0
2 =3

, z2=1
L, has “on-ramp” 45 — 2k and direction vector 6i + 37 + k, so its vector form is:
R = (61 +3) + k)t + (47 — 2k)

(b) It’s easiest to use their parametric forms, and equate the z, y, and z positions. But
we need to use a different parameter for each line, say s and t.

2t+1 =2 = 06s (1)
3t =y= 3s+4 (2)
1 =2= 5-2 (3)

From equation (3), we must have s = 3.

Use this in equation (2) to get t = 13/3.

Then the left side of equation (1) says x = 26/3 + 1 =29/3.

But the right side of equation (1) says x = 18.

Thus no s and t satisfy the three equations at once, so there is no intersection.



(¢) One normal to the plane is 7 = 3i + 2 — 6k. This vector has length [7i] = 7, so a unit
vector normal to the plane is n = %z + %j — gk:.

(d) To solve for the intersection point of P and L,, we can substitute the parametric
equations for L, into the equation for P:

3(6s) +2(3s+4) —6(s—2) = 11
18s4+6s+8—06s+12 = 11

18 = -9 |, sos=—

N =

The corresponding point is then (—3,2.5, —2.5), by substituting the s-value back into
the parametric form of L.

The angle at which they cross is the complement of the acute angle 6 that the direction
vector of Ly makes with the normal of P. (These were found in parts (a) and (c).)

i4+37+k)-(3i+2] — 6k 1
¢ = arccos (62j— ij 2 (?l * A.‘] ? ) = arccos (—8> ~ 67.72°
|62 + 3] + k||3¢ + 27 — 6| (V/46)(7)

(Notice that 6 is acute, so we did use the correct direction of the normal.) So the
plane and line cross at an angle of

18
(V46)(7)

(e) L is parallel with P because its direction vector is perpendicular to the normal of P:

90° — arccos < ) ~ 22.28°

(20 —37) - (31 +27 — 6k) =0

The distance between them is the length of the projection of any bridge b (from L; to
P) onto any vector normal to P. Our bridge will be the vector from the point (1,0, 1)
on L; to the point (3,1,0) on P:

b=2i+1j— 1k

The projection onto 7 (from part (c)) is then

s (E)o- (e

The length of the the projection is then () |ii] = 2.

4. SOLUTION:

- R U'(T - —20 ~ 7 ~ 7
U projg{v) (@@)q ( 5 )( + k) j

T, = 0—0=5)— 105 + 10k

Quick check: 7)) is a multiple of ¢, and ¥, - ¢ = 0.



5. SOLUTION: We need A - (C — sA —tB) = 0 and B - (C — sA — tB). Expanding each

equation using the given vectors A, B, C, we get

v

12—s—2t)+1(-1—s+t)+2(4—-2s—t) = 0 and (4)
2(2—s5—2)—1(~1—s+t)+1(4—25—1) = 0 (5)

These simplify to 9 — 6s — 3t =0 and 9 — 3s — 6t = 0 , from which the solution s =t =1
is easily seen.

. SOLUTION:
(t+2)—k)x(ri+sj+4k)=11 2 —1|=08+s)i—(A+r)j+(s—2r)k
r s 4
For this to be the zero vector, we need s = —8 and r = —4.

. SOLUTION:

(a) [AD| = /(1 =3)2+ (1 —1)2+ (1 —0)2 = /5. Using “on-ramp” A and direction
vector Ab, we get

e vector parametric equation: 7= (31 + ) + (=2 + 1k)t , t € R
r—3

e cquations form: =z,y=1

(b) Let u be the vector from A to B and let ¢ be the vector from A to C. The area of
the parallelogram with adjacent sides « and v is

ki
6|| = |4 — 6) + 1k| = V16 + 36 + 1 = V/53
2

so the area of the triangle with vertices A, B, C'is %\/ 53.

We have just found a normal vector to the plane (the cross product). Using the point
A(3,1,0) in the plane (or use B or C'), we can build an equation for the plane:

Az —3)—6(y—1)+1(z—0) =0

(¢) Let @ be the vector from A to D. The tetrahedron volume is one-sixth the volume of
the parallelepiped with vectors u, v, and w as adjacent edges, so

7

1 1 A A A . A 1
Volume = (6) - (@ x T)| = (6) (=21 + 1k) - (45 — 6] + 1k)| = (6) |-7=3

. SOLUTION: Use the first identity given in 1.14 for each term:

LHS = Ex(%x #)—i—jx(j'x H)+I%><(A></T)
(i A)i = (- DA + (G- A)j — (G- DA+ [(k - Ak — (k- k) A]
(i A)i — A+ (G- A)j — A + (k- Ak — A]
(G- 2+ G- A + (k- 0k — 34
= A-3A
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